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1 Basics 


1.1 Representation 


The representation of a group G is amap D: G > L(V,V) such that 


D(e) =1 and D(gig2) = D(gi)D(g2) 


The dimension of our representation is defined to be the dimension of the 
vector space V. Note that there could be more than one representation for 
the same group. 


1.2 Example: 53 
We list 3 representations of the permutation group $3 = {e, a, a”, b, ab, a*b, where ba = 
ab} 
The trivial representation: 
Do(g) =1 for all g 
2 dimensional representation: 


DHS Dia pe)= ( : 


D2(b) = D(ab) = Do(a*b) = ( ‘< 


_e 
| 
re 
Se 


3 dimensional representation: 
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1 0 0 (roast 0 1 0 
D3(e)= | 0 1 0 | Ds(a)=] 1 0 0 | D3(a2)=}] 0 0 1 
001 1 0 100 
GO At 100 0 1 0 
D3(b)= | 0 1 0 | D3(ab)=] 0 0 1 | Ds(a2b)=] 1 0 O 
1020 0 1 0 001 


One can easily verify that these are indeed representations of 53. 


1.3. Example: R* 


In R*, the group multiplication is just the usual addition.We represent the 


group by 
1 & 
De\= ( 01 


so that 


1.4 Similarity Transformation 
Given a non-singular matrix P, the map 
D(g) + D'(g) = P*D(g)P 


is called similarity transformation. We say that D’ and D are similar. Ap- 
parently, D’ is a representation if and only if D is. 
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2 Lie Groups 


2.1 Lie Group and its Generators 


We are interested in groups containing elements g(t) that depend continuously 
on a set of independent parameters ¢;,7 = 1,...,n, such that 


g(0) =e 
so it’s representation also depends smoothly on t, and 
D(0) =1 


where we abuse the notation and write D(t) = D(g(t)). For some infinitesimal 
dt;, expand it in a neighbourhood of the identity: 


which yields 


<Q) 
Xj — —ta, D(t)|t=0 


these independent X;’s are generators of the group. 


Caution: we often use the abbreviated notation X = X,;6; but keep in mind 
that each X; is an operator(matrix). Also note that if the linear combination 
X} = c;X, gives another set of linearly independent operators X/,i = 1,...,n, 
then these are also generators of same the Lie group, after reparametrization, 


the elements are recast as g(t’) = e’*/, 


From the group multiplication properties 


k; 
The exponential is defined by Taylor series. We call such a group Lie group. 
Be aware that the equation 


eAeB — pAtB 


does not hold unless A commute with B. 
If the generators of two representations are similar, then the representations 
are similar, because we have the following identity: 

Pe cea © i = P-1e* P 
In the following context, we wish to find a unitary representations, which 
means that X; are Hermitian. 
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2.2 Lie Algebra and Structure Constants 
Multiplying two group elements would give another group element, that is 


eitaXa iPr Xo = elIeXc 


Expand the exponential and ignore the terms beyond second-order, we arrive 
at the commutation relation 


[Mas X>| = ifareXe 


Which is called the Lie algebra of the Lie group. f,y. are called structure constants 
which only depend on indices a,b,c. the symbol [ , | is called the Lie bracket 
in mathematics. The generators satify the Jacobi identity: 


[Xa, [Xo, Xe]| ag [Xo, [Xe, Xa] zc [Xe, [Xa, X| =0 


Let us focus on the properties of the structure constants. Obviously they are 
anti-symmetric in the first two indices: 


fave = — Sac 
The Hermicity of Xq implies 
[Xa, Xs] = —[Xa, Xs]! = if,-Xe 
fabe = Save 


which means fapc is real. 


3 Important Lie groups 


3.1 General Definitions 


For two vectors v,w on the Euclidean space R”, define the scalar product as 


(v,w) = vbw 


The set of linear transformations with determinant 1, which leave the scalar 
product invariant is denoted by SO(n) 


SO(n) = {A € GL(n,R) : (Av, Aw) = (v, w), det(A) = 1} 
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It’s easy to see that the set is a group. We call it special orthogonal group. 
The condition (Av, Aw) = (v, w) is equivalent to A.A = I. In more detail, 


vw = (Av)? (Aw) = 7 AT Aw for all v,w 


which is satisfied if and only if A7 A = J, so we have an alternative definition 
for SO(n): 


SO(n) = {A € GL(n,R) : ATA = I, det(A) = 1} 


Similarly, the same argument works on C”, for v,w € C”, define the scalar 
product as: 
(v,w) = o'w 


The set of linear transformations with determinant 1, which leave the scalar 
product invariant is denoted by SU(n) 


SU(n) = {A € GL(n,C) : (Av, Aw) = (v, w), det(A) = 1} 
This is a group called the special unitary group. Alternatively, 
SU(n) = {A €GL(n,C) : ATA = 1, det(A) = 1} 


3.2 SO(3) 


The elements in SO(3) are nothing else but rotations. As a result, the number 
of independent variables is 3, corresponding to 3 generators. It is a fact that 
all rotations can be decomposed into rotations around the 3 coordinate axes. 
Considering the counterclockwise rotation around the 3-axis (z-axis) for angle 
w, we easily get the defining representation 


cosy —siny 0 
R.A(w) =| sinw cosy 0 
0 0 1 


Then derive the generator 
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Apply the same method to get all the three generators: 


0 0 0 0 0 -2 0 2 0 
Iyj}=]|] 0 0 1% Iyg9=] 0 0 0 Iz3=]| -—27 0 0 
0 -21 0 7 0 O 0 0 0 


or in a compact form: 
UN) se eres 


The generators could be derived in another way, let R(t) = e*#,but as long 
as dt; are infinitesimal, 
R(dt)R? (dt) = (1 + idt;X;)(1 + idt;X7) = 14 idt;(X;+ X7) =1 
det(e'i*:) = eitiT (Xi) = 1 
Thus we can see immediately that X; are antisymmetric, i.e. x? = —X;, by 


the fact that X; are also Hermitian, X; are purely imaginary, so there are 
exactly three free variables. Choose a convenient basis to be: 


0 0 0 0 0 -2 0 2 0 
Iy;=|] 0 0 12 Ig=] 0 0 0 I3=]| -—17 0 0 
0 -1 0 7 0 O 0 0 0 


Now take these as the generators of SO(3). 
Note that the formula for contraction of Levi-Civeta tensor is 

Eijk€lmk = 9i0jm — OimOjl 
Using the above equation, 

[Xi, Xj] = —t€ijnXk 
Parametrize the group by n,w, where n has norm 1. We record some useful 
equations 
(n : X)ij = Ne Xk) ij = 1EijkNK 
[(n- X)"]ig = Fig — ran 


[(n x X) 355 = (n 7 X)ij 


Now the group elements(rotation matrices) may be written as 


[Rial = [ea (1) 
dijcosw + nin; (1 — cosy) — €,;~npsiny (2) 


This is the rotation around the direction of n for an angle w 
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3.3 SU(2) 


The group SU(2) also has 3 independent variables. To see why, we will work 
out the defining representation of SU(2) first. Let U € SU(2) be 


a bd 
ca) 
1 0 
Ae Te 
viv = vut=| | a 


a b 
v= (Seo) 


where |a|? + |b]? = 1. Evidently there are three real variables that are inde- 
pendent. . 
In analogy with SO(3), let U(t;) = e”**, then for all infinitesimal dt,, 


Plug it into the equation 


We solve for 


U(dt)Ut (dt) = (1 + idt,X;)(1 — idtsX?) = 14+ idt\(X;— X!) =1 
det(U(t;)) = &@ TX) = 1 


The first equation is automatically satisfied by unitary representations, and 
the second equation implies that the generators are traceless. 
For 2 dimensional representation, we pick a traceless Hermitian basis T = a /2 


where 
0nd (0 -i af  O 
ae, a Fi VA cen ae Oe esc ae 


These are just the Pauli matrices. Parametrize by n,~ as before, the repre- 
sentation is 


U(n,p) = eenyP (3) 
= cos(y/2) + isin(y/2)(n-o) (4) 
_ [ cos(w/2) + isin(/2)cosé isin(y/2)sinbe~*? 
= isin(w/2)sinOe’? cos(y)/2) — isin(y/2)cosé 
We have expressed the normal vector in spherical coordinates 
sinOcos@ 
n= | sindsind 
cosé 
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There is a very beautiful relation between SU(2) and SO(3): 
SU(2) = SO(3)/Ze 


The proof could be found in books on group theory. 
For 3 dimensional representation, 


0 0 0 0 0 7% 0 -27 0 
T=] 0 0 -7 | To= 0 0 0) T3=] + O O 
0 27 O —t 0 0 0 0 0 


This is the adjoint representation of the SU(2) algebra. Notice that the gen- 
erators above are essentially equivalent to those of SO(3), so they generate 
the same group SO(3). 

In either way, the reader may check that the commutation relation is 


[Xi, Xj] = teijn Xe 
This is the famous Lie algebra of SU(2). 


However, we still wish to seek for a general procedure to derive the generators 
on arbitrary finite dimensional vector space, let us work out a representation 
of the SU(2) algebra. The following is very much like what we’ve done in 
quantum mechanics. We denote the generators by Ji, Jo, J3. All the three 
generators do not commute with each other, so we can only diagonalize one of 
them, say J3. What we are looking for is a finite dimensional representation, 
so suppose there is a state with the highest J3 eigenvalue: 


J3|3) = 919) 
Now construt the raising and lowering operators 


J* = (It b)/V2 


satisfying 
Uaake: cer 
Bae JT] = J3 
Jt =I 


If we have an eigenket of J3 with J3 value m, that is, J3|m) = m|m), then 


J3J*|m) = [J3, J*]|m) + J*J3 |m) ( 
= (m+ 1)J*|m) (6) 


On 
wa 
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which shows that J~ |m) = Nm|m-—1), for some normalization factor Nm, 
we can adjust the overall phases of eigenstates, and take all N,,’s to be real. 
But there’s no state with eigenvalue m+ 1, so it makes sense that 


J*|j) =0 
First we try to get something similar for the action of J+. Let 
JT |m—1) = Ny, |m) 


From now on, impose the orthogonality relation (m|m) = 1, 


Nm = Nt, (7) 
= (m|J+|m —1) (8) 
= N, (9) 


Next determine the constants Ny», 
NIN; (§ - 1-1) = Gilt, -]]a) = 3 


N*.Nm(m-—1)m—1) = (m[J*, Jape J-J+|m) =m+N*.1Nm4i (m|m) 


that is 
Nj =j 


2 2 me 
Nm —- Nn4i =m 


This is a recursive relation, we easily see that 


Nn = (+m)(i-m+ 1/2 
The lowering procedure would go on until m = —J, at this point N_; = 0 


J” |—j) = N-j|-J) = 0 


So all the J3 values are j,7 —1,...,—j. But in order to that m is able to take 
the value —j 
j —l=-—j for some integer j 
g=12 


H.Wang 3 IMPORTANT LIE GROUPS 


Now put j into the kets and use |j,m) to indicate the eigenket with J? 
value m obtained by lowering the highest state with J? value j. Define the 
spin — j representation by 


CIO Vr = cr m'| Jal, m) 


We write down the operators explicitly: 


(J+) mim = VG — mG + M+ 1)/2 Sint m1 


(7) mnt = G+ mG — M+ 1/2 Sint m1 


(Sinn = sl G— mG + m+ 1)/2 bm marty G+ mG — m+ 1)/2 bn! nt] 


[VG —m)G + m4 1)/2 bmtmai—y G+ m)\(G — mF 1)/2 brat m1] 
(Js) ion =m Onli 
SU(2) is closely related to the intrinsic angular momentum(or spin) of elemen- 


try particles. A marvellous consequence is that the spin of a particle must 
have integer or half integer spin! This is fundamental to particle physics. 


Spin 1/2: 
JO) = 9/2 
These are just the Pauli matrices. 
Spin 1: 
1 Oh lb 1 0 -i 1 0 O 
I=] 101] P=] i 0 4 | P=] 00 0 
v2 Oi 1-0 v2 On a. iG 00 -1 


One may check that it is equivalent to the 3 dimensional adjoint representa- 
tion. 


10 
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4 Lorentz Group and Symmetries 

4.1 Translations 

Let the operation of translation by a vector a be represented by 
T(a) = eb Fu 


which must satisfy 
T(a)T(@’) =T(a+a) 


So it’s necessary and sufficient that all the generators commute with each 
other: 
[Pus P,] =0 


The time component H = Pp is the Hamiltonian, and the space component 
P = {P,, Po, P3} is the momentum operator. 


4.2 Homogeneous Lorentz Transformations 


The scalar product on Minkowski space-time is 


(2,y) =a" ny 


where we take the metric as 7 = (—,+,+,+). 
Homogeneous Lorentz transformations A“,, are those linear transformations 
which preserve the scalar product, that is 


(Az, Ay) = (x,y) 
It could be equivalently defined by 
ATA =n (10) 


or in a tensor form 
lpg jak > = Nv (11) 


The homogeneou Lorentz group is defined to be 


SO(3,1) = {A: A? nA = n} 
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4.3. Disconnectedness 


Taking the determinant of (10) gives 
det(A) Stl 


In equation (11), letting u,v = 0 yields 
(A°%)? =") + A*oA*, 
A°9 > 0 or A®g <0 


Now be aware that no continuous parameterization would allow det(A) to 
jump from 1 to -1, or allow A% to jump from A°9 > 0 to A®°9 < 0, which 
means that SO(3,1) is not a connected group. However, the subgroup with 
A°% > 0 and det(A) = 1 contains the identity, which is also connected, we call 
it the proper orthochronous Lorentz group. Unitary representations are 
obviously connected, indicating that the representation is not unitary. 


The space inversion # and time reversal 7 are in the homogeneous Lorentz 
group, where 


-—1 0 0 0 1 0 O 0 
0 10 0 0 -l1 0 0O 
in 0 01 0 oe 0 0 -1 0O 
0 00 1 0 0 O -!1 


If a group element is not in the proper orthochronous Lorentz group, then its 
product with one of the operators Y, 7, YZ is in the group. 


4.4 Generators 


We tentatively let A = I + w where w is a matrix infinity close to 0. Using 
(10) again, 


n = ATA (12) 
= (1+w")n(1+w) (13) 
= nt(w +w)n (14) 
(15) 

wt = —w 
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An anti-symmetric tensor has 6 independent variables, so there are 6 genera- 
tors for the proper orthochronous Lorentz group. We immediately know that 
all three dimensional rotations are in the group, so the generators could be 
directly carried over adding the time dimension: 


000 0 0 0 00 O° Os “@ <p 
000 0 Oo 200. % OO? Se 8 
YE G9 9 oe = Ws eG | “BO HO 
00% 0 0 -i 0 0 QO :O:5°0--20 


The Lorentz boosts are also group elements. Take the Lorentz boost in the 
x-direction as an example: 


ie = 0 O 

B ar 
By=| Vi-6? 1-6? 

0 0 1 O 

0 0 0 1 


so that the generator reads 


Ky = 1, B,(B)|e-0 = i 


oor oO 
On": 
O..O"O'- 
o.oo © 


In this manner, we’re able to get the remaining 3 generators 


Ot. O78 Oi Oe SE. 46 HOO 
LP hie Oh iy e0. 402 0020 ail 0 OF Or 40 
Bea oy too ee Oe SO oO Ok On0 
O70) 20: 0 0000 1000 

Ki =-K; 


v 
These are not Hermitian generators, so the representation is not unitary. J = 
{Ji, Jo, J3} is the angular momentum operator, but K = {Kj, K2, K3} is not 
an observable. Indeed, all of our generators have trace 0, so all representations 


of the form 
U(p, @) = ci(p-K+6-J) 


have determinant 1. They don’t generate the whole group. 
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4.5 Symmetries 


From the last section we can see that 


i 
(Ji)un = — 5 €ijk (jn Sev — Ojv9kq) 


(Ki) ww = —i(d0n0ir = dov Sips) 
where 2,7,k =1,2,3 and w,v = 0,1,2,3. 
Work out the commutation relations: 
[Ji, Jj] = teign Te 
[Ji, Kj] = ten Ke 
[Ki, Ky] = —16,jn. KE 


The parity and time-reversal act on the generators as 


PVF =) 
PKP=-K 
TiS = 
ITIP =-K 


Readers looking for a more rigorous approach may refer to *The Quantum 
Theory of Fields (vol.1), Weinberg*. 


4.6 Break Up Into SU(2)’s 


The aim of this part is to find a representation for the algebra of homogeneous 
Lorentz group, but in the process, we will eventually see that the representa- 
tion space is the tensor product of two representation spaces of SU(2), which 
connects the two groups in an amazing way. The Lie algebra writes 


[Ji, Jy] = eign de 
[Ji, Kj] = tej, Ke 
[KG, Kj] = tein Kr 
Now define two operators 


B=IJ+ik 
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B=I-ik 
so that the algebra is equivalent to 
[A,, Lj] = tein Ap 
(Fi, Bj) = t6ijn Br 
[%, B; =0 


Regarding the fact that < and 4 commute, take their common eigenstates 
|ab) = |a) @ |b) to be the basis. If & and F are the spin-A and spin-B 
representation of SU(2) respectively, then a,b go over the values 


a=A,A-1,..,—-A 
b= B,B-1,...,-B 
Now return to the generators, the elements of which are labelled by ab. 
(Drv av = (a8 |S ad) = (at of + Blab) 
= (a!|et|a) by + bra (HBO) 
= (IM) ad + baad) yrs 


or 


J=IM @I+1@I) 


This is very important for field construction in quantum field theory. 
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